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Attosecond/Femtosecond Physics

• 1 attosecond is defined as one-millionth of one millionth of one millionth (10−18) of a second.

• There are twice as many attoseconds in one second than there are seconds in the

age of the universe (15 billion years)!

• Atomic unit of time:
0.529× 10−10 m

3× 108 m
s /137

≈ 24 attoseconds

• period for the n = 1 orbit in atomic hydrogen: ≈ 150 attoseconds (Bohr model)

• Attosecond laser pulses provide a window to study the details of (valence) electron

interactions in atoms and molecules.

• These capabilities promise a revolution in our microscopic understanding of matter.

• A major role for theory in attosecond science is to elucidate novel ways to investigate

and to control electronic processes in matter on such ultra-short time scales.

• If we could control the behavior of valence electrons, this may open up new avenues to:

• manipulate the outcome of chemical reactions

• make novel materials

• do many other fancy things we are not even thinking of yet

• Some experiments have been performed with attosecond pulses or pulse trains, but most

single-pulse durations are in the femtosecond (1 fs = 1,000 as) regime (getting shorter fast).

Motivation for this Project

• We previously studied this problem using linearly polarized light.

Guan et al., Phys. Rev. A 84 (2011) 033430

• Some experiments have been performed with circularly polarized light.

Akoury et al., Science 318 (2007) 949

Kreidi et al., Phys. Rev. Lett. 100 (2008) 133005

• The general case is elliptically polarized light, which contains linear and circular

polarization as special situations.

• Elliptically polarized radiation can be thought of as a linear combination of two

linearly polarized fields with a fixed amplitude ratio and a fixed relative phase.

• We investigate how the patterns seen in the “parallel” and “perpendicular” cases

of linearly polarized light develop in the coherent superposition corresponding to

elliptically polarized light.

Basic Definitions

• The Prolate Spheroidal Coordinate System and Definition of Angles
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• We use the “fixed-nuclei approximation” (FNA), where R = 2.0a0 is the

equilibrium distance, with a0 = 0.529× 10−10 m denoting the Bohr radius.

The Electric Field

• We choose the molecular axis along the z axis, and the plane formed by the

molecular axis and the transversal electric field as the xz plane.

• We decompose the electric field into its two components

E(t) = f(t)
[

E0zẑ cos(ωt) + E0xx̂ cos(ωt+ δ)
]

,

where f(t) is the envelope function for the pulse.

• Special Cases:

• Linear Polarization: δ = 0; θN = arctan(E0x/E0z)

• Circular Polarization: δ = ±π/2; E0z = E0x

Example: h̄ω =ω =ω =40 eV, I
0
=2×1014 W/cm2, T = 1.0 fs (10 o.c.)
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Numerical Method for Solving the Time-Dependent Schrödinger Equation

• The Time-Dependent Schrödinger Equation (TDSE) for the laser-driven H+
2

molecular ion in the dipole length gauge reads

i
∂

∂t
Ψ(r, t) =

[

Hff +E(t) · r
]

Ψ(r, t) = HΨ(r, t).

• The field-free Hamiltonian for the electron is written as
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• The formal solution for propagation by a time step ∆t is

Ψ(r, t+∆t) = e−iH∆tΨ(r, t).

• We solve this partial-differential equation as an initial-value problem:

• represent the initial state Ψ(r, t = 0);

• represent the exponential operator e−iH∆t acting on a vector;

• extract the physical information from the final state by projection.

• Finite-Element Discrete-Variable Representation (FE-DVR)

• Divide space into separate elements

• Use a basis of Lagrange interpolating polynomials

• Use Gaussian quadrature to accurately approximate integrals

The Time-Dependent FE-DVR Approach: Arnoldi-Lanczos Propagation

Guan et al., Comp. Phys. Commun. 180 (2009) 2401 (imaginary or real time scale)

• Taking the exponential of a matrix is a major computational problem.

• The exact solution would require the diagonalization of a big matrix with rank in the millions

at every time step.

• Even though the matrix is very sparse, this is out of the question.

• The basic steps of the Arnoldi-Lanczos propagation are:

• After expansion in a basis,

Ψ(r; t) =
∑

q

Cq(t)Φq(r),

the equation to solve looks like

i
∂

∂t
C(t) = H(t)C(t)

for the vector of the coefficients C(t).

• We construct a reduced Krylov space of dimension m, at time t+∆t, as

Km(H ,v) ≡ span{v,Hv,H2v, . . . ,H(m−1)v},

where the initial vector v is the previously computed solution at time t. These vectors,

which are generated by repeatedly applying the Hamiltonian H(t) on the vector v, are

not used directly. Instead, they are orthonormalized using the Lanczos recursion,

βn+1vn+1 = (H − αn)vn − βnvn−1 = qn

• The elements

αn = v†
nHvn, βn+1 =

√

qn
†qn

of the tridiagonal matrix may be computed during the recursion process using simple

scalar products.

• The resultant tridiagonal matrix is diagonalized using standard algorithms.

• The above procedure yields an N ×m matrix Q, which transforms the matrices from H

with rank N to h with rank m.

• Finally, the time evolution from t to t+∆t is achieved through

C(t+∆t) = Qe−ih∆tQ†C(t),

where the much smaller matrix h can be diagonalized quickly.

• Care needs to be taken about the numerical accuracy! The algorithm can be very

effective, as long as the rank m is substantially smaller than the original matrix rank N .

• The initial state is generated by propagating a trial function in imaginary time.

The system will relax into the lowest state of a given symmetry.

Summary and Outlook

• Conclusions from the present work:

• The results confirm the validity of our numerical implementation.

• The angular distribution patterns depend on the pulse characteristics.

• Using circularly/elliptically polarized radiation yields very different results

from the linearly polarized case.

• Future Plans:

• Use higher intensities beyond the perturbative regime.

• Use larger wavelengths to study multi-photon processes.

• Include nuclear motion, i.e., go beyond the Fixed Nuclei Approximation.

• Address more complex molecular systems.

One-Photon Survival Probability of the Initial State
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Snapshots of Electron Probability Density

h̄ω =ω =ω =40 eV, I
0
= 2x1014 W/cm2, Linear Polarization (x), T = 1.0 fs (10 o.c.)

Snapshots of Electron Probability Density

h̄ω =ω =ω =40 eV, I
0
= 2x1014 W/cm2, Linear Polarization (z), T = 1.0 fs (10 o.c.)

Snapshots of Electron Probability Density

h̄ω =ω =ω =40 eV, I
0
= 2x1014 W/cm2, Circular Polarization, T = 1.0 fs (10 o.c.)

Snapshots of Electron Probability Density

h̄ω =ω =ω =40 eV, I
0
= 2x1014 W/cm2, Elliptical Polarization, T = 1.0 fs (10 o.c.)

E0z = 0.0675, E0x = 0.0338

E0z = 0.0338, E0x = 0.0675


